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In this note, we give embeddings and other properties of Besov spaces, as well as spectral 
and Fourier multiplier theorems, in the setting of graded Lie groups. We also present a 
Nikolskii-type inequality and the Littlewood–Paley theorem that play a role in this analysis 
and are also of interest on their own.
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r é s u m é
Dans cette note, nous étudions des espaces de Besov sur les groupes de Lie gradués et nous 
prouvons des théorèmes de multiplicateurs spectraux et de Fourier sur ces groupes. Nous 
présentons aussi une inégalité de type Nikolskii et le théorème de Littlewood–Paley, qui 
jouent un rôle dans cette analyse et sont également d’intérêt indépendant.
© 2017 Académie des sciences. Published by Elsevier Masson SAS. This is an open access 
article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
Version française abrégée
Dans cette note, nous procédons à une étude systématique de certains résultats d’analyse harmonique dans le cas des 
groupes de Lie gradués à partir du livre fondamental de Folland et Stein [8], ainsi que des développements les plus récents 
de ces dernières décennies, notamment ceux résumés par V. Fischer et le second auteur [5]. Les résultats obtenus peuvent 
être résumés comme suit : une version de l’inégalité de Nikolskii (ou de l’inégalité de Hölder inverse) dans le cadre des 
groupes de Lie gradués ; un théorème de Littlewood–Paley sur les groupes de Lie gradués pour les décompositions dyadiques 
associées aux opérateurs positifs de Rockland – ces opérateurs sur les groupes de Lie graduées apparaissent naturellement 
dans des questions concernant les opérateurs différentiels partiels généraux sur les variétés (cf. [15]) – ; une version des 
espaces de Besov homogènes et inhomogènes en termes d’opérateurs de Rockland. En utilisant les propriétés de plonge-
ment, nous montrons que les espaces de Besov dans ce contexte sont également les espaces d’interpolation entre espaces 
de Sobolev, et nous prouvons qu’ils sont indépendants du choix particulier de l’opérateur de Rockland utilisé pour les dé-
ﬁnir. Nous appliquons ces résultats aﬁn d’établir des théorèmes de multiplicateurs pour les multiplicateurs spectraux et de 
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1631-073X/© 2017 Académie des sciences. Published by Elsevier Masson SAS. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/).
D. Cardona, M. Ruzhansky / C. R. Acad. Sci. Paris, Ser. I 355 (2017) 400–405 401Fourier dans les espaces de Besov sur les groupes de Lie gradués. Plus précisément, nous démontrons un théorème de type 
Marcinkiewicz pour les multiplicateurs spectraux sur Lp et sur les espaces de Besov. Nous donnons aussi des résultats né-
gatifs sur la ﬁnitude des opérateurs invariants dans les espaces de Besov. Pour les multiplicateurs de Fourier, nous montrons 
que la ﬁnitude entre espaces Lp implique la ﬁnitude sur les espaces de Besov.
1. Introduction
In this note, we do a systematic investigation of some results regarding notions of harmonic analysis in the setting of 
graded Lie groups, building up on the fundamental book [8] of Folland and Stein, as well as on more recent developments 
over the decades, in particular summarised in a recent book [5] by V. Fischer and the second author. The results of this 
investigation can be summarised as follows: a version of the Nikolskii (or the reverse Hölder) inequality in the setting of 
graded Lie groups; a Littlewood–Paley theorem on graded Lie groups for the dyadic decompositions associated with positive 
Rockland operators. These operators on graded Lie groups naturally appear when one is dealing with questions concerning 
general partial differential operators on manifolds (cf. [15]); a version of homogeneous and inhomogeneous Besov spaces 
in terms of Rockland operators; then we prove their embedding properties. We show that the Besov spaces in this context 
are also the interpolation spaces between Sobolev spaces, and prove that they are independent of a particular choice of 
the Rockland operator used to deﬁne them; we apply these results in order to establish multiplier theorems for spectral 
and Fourier multipliers in Besov spaces on graded Lie groups. More precisely, we prove a Marcinkiewicz-type theorem for 
spectral multipliers on Lp and on Besov spaces. We also give negative results on the boundedness of invariant operators in 
Besov spaces. For Fourier multipliers, we show that the boundedness between Lp-spaces implies the boundedness on Besov 
spaces.
The Nikolskii inequality was considered for the ﬁrst time in the seminal work of S. M. Nikolskii [12]. Some versions of 
this inequality on symmetric spaces of non-compact type and on compact homogeneous manifolds can be found in [14]
and [13], respectively. The Nikolskii inequality is a fundamental tool in the proof of several properties of function spaces 
such as the Besov spaces. These spaces form scales Brp,q(G) carrying three indices r ∈ R, 0 < p, q ≤ ∞, and they can be 
obtained by interpolation of Sobolev spaces, which can be deﬁned on Rn , and on compact and non-compact Lie groups in 
various equivalent ways. In a recent work of the second author with V. Fischer, Sobolev spaces were introduced on graded 
Lie groups by using positive Rockland operators (see [6]). These function spaces on stratiﬁed Lie groups were introduced 
earlier by Folland in [7] by using sub-Laplacians. Folland’s Sobolev spaces coincide with those introduced in [6] on graded 
Lie groups in the setting of stratiﬁed groups. The Besov spaces for certain parameters p, q and r have been considered in 
[3] in the setting of Heisenberg groups. Global characterisations and properties of Besov spaces on compact homogeneous 
manifolds were obtained in [13]. Here we consider it in the setting of graded Lie groups. Liouville theorems on graded Lie 
groups have been considered in [10].
In this note, we also present a version of the Littlewood–Paley theorem and, as a consequence of both results, the 
Nikolskii inequality and the Littlewood–Paley theorem; we give the boundedness of certain Fourier and spectral multipliers 
on Besov spaces. We note that in the case of the sub-Laplacian, a wealth of results in available, to mention only a few, 
see, e.g., Folland [7] and Saka [16] for Sobolev spaces and Besov spaces on stratiﬁed groups, respectively; Furioli, Melzi 
and Veneruso [9], and Alexopoulos [2] for the Littlewood–Paley theorem and the Besov spaces, and for spectral multiplier 
theorems for the sub-Laplacian on Lie groups of polynomial growth, respectively. The novelty of this paper is that we are 
working with Rockland operators; these are linear invariant homogeneous hypoelliptic partial differential operators, in view 
of the Helffer and Nourrigat’s resolution in [11] of the Rockland conjecture. The existence of such operators on nilpotent Lie 
groups does characterise the class of graded Lie groups (see [5, Section 4.1] for precise references).
Thus, already in the setting of the Heisenberg group Hn  R2n+1, our results provide new insights, since instead of the 
positive sub-Laplacian − ∑nj=1(X2j + Y 2j ) we can choose, e.g., the positive Rockland operator R =∑nj=1(X4j + Y 4j ).
This paper is organised as follows. In Theorem 2.1, we present our version of the Nikolskii inequality for functions 
deﬁned on graded Lie groups. In Theorem 2.2, we present our version of the Littlewood–Paley theorem. In Section 3, we 
deﬁne Besov spaces and we show some embedding properties for these spaces and we also prove that our Besov spaces 
can be obtained by interpolation of Sobolev spaces in the nilpotent setting. Finally, in Section 4, we study the boundedness 
of Fourier multipliers and spectral multipliers in Besov spaces.
The main results here may be the Nikolskii inequality (which seems to be new even on the Heisenberg group), the de-
scription of Besov spaces in terms of Rockland operators and independence on them, embedding properties, Marcinkiewicz 
theorem on graded groups and the observation that the properties of the global description of Besov spaces can be used to 
deduce Besov space results from Lp-ones for general Fourier multipliers on graded Lie groups.
2. Nikolskii inequality and Littlewood–Paley theorem on graded Lie groups
Let G be a graded Lie group, i.e. G is a connected and simply connected nilpotent Lie group whose Lie algebra g may be 
decomposed as the sum of subspaces g = g1 ⊕ g2 ⊕ · · · ⊕ gs such that [gi, g j] ⊂ gi+ j , and gi+ j = {0} if i + j > s.
If on the Lie algebra g of G there exists a family of dilations Dr , r > 0, that is, a family of linear mappings from g to 
itself satisfying the following two conditions: one is that, for every r > 0, Dr is a map of the form Dr = Exp(r A), for some 
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G is a homogeneous Lie group.
We call the eigenvalues of A, ν1, ν2, · · · , νn , the dilations weights or weights of G . The homogeneous dimension of a 
homogeneous Lie group G is given by Q = Tr(A) =∑sl=1 l · dimgl . It can be shown that a Lie group G is graded if and only 
if there exists a differential Rockland operator R on G . In view of Hellfer and Nourigat’s resolution in [11] of the Rockland 
conjecture, (left-)invariant homogeneous hypoelliptic differential operators on G are called Rockland operators.
We denote by Ĝ the unitary dual of G , that is, the set of all strongly continuous irreducible unitary representations of 
G and FG the Fourier transform on G . We denote by π(R) the symbol of R that, in this case (of left invariant differential 
operators), equals the inﬁnitesimal representation of R as an element of the universal enveloping algebra of g. We refer to 
[5] for an exposition of the further properties of Rockland operators and the Fourier analysis on these groups, as well as for 
further references.
For every L > 0, let us consider the operator χL(R), deﬁned by the functional calculus, where χL is the characteristic 
function of [0, L]. Functions of the form χL(R) f give analogues of trigonometric functions in this setting, having compactly 
supported Fourier transform with respect to the spectral resolution associated with positive Rockland operators.
Theorem 2.1 (Nikolskii (or the reverse Hölder) inequality). Let G be a graded Lie group of homogeneous dimension Q . Let R be a 
positive Rockland operator of homogeneous degree ν . If 1 ≤ p ≤ q ≤ ∞ then




p − 1q )‖χL(R) f ‖Lp , (1)
where 1 ≤ r := (1 + (1/q − 1/p))−1 ≤ ∞, Eπ(λ) is the spectral measure of π(R), π ∈ Ĝ , and Eπ(1) =
∫
[0,1] dEπ(λ) is the Eπ-spectral 
measure of the unit interval [0, 1]. In this case, since F−1G [Eπ(1)] ∈ S(G), its Lr-norm is ﬁnite.
We now present the Littlewood–Paley theorem on graded Lie groups that can be obtained as a consequence of the 
Mikhlin–Hörmander theorem from [4]. The main notion in the formulation of this result is the concept of a dyadic decom-
position {ψl}l∈N0 deﬁned as follows: we choose a function ψ ∈ C∞0 (G) supported in [1/4, 2], ψ = 1 on [1/2, 1]. Denote by 
ψl the function ψl(t) := ψ(2−lt), t ∈R. For some smooth compactly supported function ψ0 we have:∑
l∈N0
ψl(λ) = 1, for every λ > 0. (2)
Theorem 2.2 (Littlewood–Paley theorem). Let 1 < p < ∞ and let G be a graded Lie group. If R is a positive Rockland operator, then 
there exist constants 0 < cp, Cp < ∞ depending only on p such that









≤ Cp‖ f ‖Lp (3)
holds for every f ∈ Lp(G).
Both the Nikolskii inequality and the Littlewood–Paley theorem prove an important role in proving embedding properties 
of the Besov spaces.
3. Homogeneous and inhomogeneous Besov spaces
Let R be a (left-invariant) positive Rockland operator on a graded Lie group G . In order to deﬁne the family of Besov 
spaces on G , let us assume that R is homogeneous of degree ν > 0, and let us ﬁx a dyadic decomposition of its spec-
trum (ψl)l∈N0 , as above. With the notations above, we deﬁne (left) Besov spaces associated with a (left-invariant) positive 
Rockland operator as follows.
Deﬁnition 3.1. Let r ∈ R, 0 < p < ∞ and 0 < q ≤ ∞. The homogeneous Besov space B˙rp,q,ψ,R(G) associated with (R, (ψl)l)
consists of all f ∈D′(G) satisfying










for 0 < q < ∞, and for q = ∞,
‖ f ‖B˙rp,∞,ψ,R(G) := sup 2
l
ν r‖ψl(R) f ‖Lp(G) < ∞. (5)l∈N0
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if 0 < q < ∞ and, for q = ∞,
‖ f ‖Brp,∞,ψ,R(G) := supl∈N0
2
l
ν r‖ψl(I +R) f ‖Lp(G) < ∞. (7)
Homogeneous and inhomogeneous Besov spaces do not depend on a particular choice of a positive Rockland operator R
and of the sequence of smooth functions ψl , because they can be obtained by interpolation from inhomogeneous and ho-
mogeneous Sobolev spaces Hr,p(G) and H˙r,p(G) analysed recently in [5, Section 4], [6], which are known to be independent 
of a particular choice of R:
Theorem 3.2. Let G be a graded Lie group, and let R and R′ be two positive Rockland operators with homogeneity degrees ν > 0
and ν ′ > 0, respectively. If (ψl)l and (ψ ′l )l are sequences satisfying (2), 1 < p < ∞ and 1 ≤ q < ∞, then the spaces B˙rp,q,ψ,R(G)




p,q,ψ ′,R′ (G). We also have the following real 
interpolation properties:
Brp,q(G) = (Hb,p(G), Ha,p(G))θ,q, a < r < b, r = b(1− θ) + aθ, (8)
and
B˙rp,q(G) = (H˙b,p(G), H˙b,a(G))θ,q, a < r < b, r = b(1− θ) + aθ. (9)
As the referee of this paper pointed out, the independence of the Besov spaces of the particular choice of the Rockland 
operator may allow also for their description in terms of the Calderón decompositions of the delta measure as in [8, Thm. 
1.61, p. 47].
Now, if we use the Nikolskii inequality and the Littlewood–Paley theorem, we can show the following embedding prop-
erties of Besov spaces. We use the simpliﬁed notation motivated by Theorem 3.2:
(B˙rp,q(G),‖ · ‖B˙rp,q(G)) = (B˙rp,q,ψ,R(G),‖ · ‖B˙rp,q,ψ,R(G))
and
(Brp,q(G),‖ · ‖Brp,q(G)) = (Brp,q,ψ,R(G),‖ · ‖Brp,q,ψ,R(G)).
Theorem 3.3. Let G be a graded Lie group of homogeneous dimension Q and let r ∈R. Then
(1) B˙r+εp,q1(G) ↪→ B˙rp,q1(G) ↪→ B˙rp,q2(G) ↪→ B˙rp,∞(G), ε > 0, 0 < p ≤ ∞, 0 < q1 ≤ q2 ≤ ∞.
(2) B˙r+εp,q1(G) ↪→ B˙rp,q2(G), ε > 0, 0 < p ≤ ∞, 1 ≤ q2 < q1 < ∞.
(3) B˙r1p1,q(G) ↪→ B˙r2p2,q(G), 1 ≤ p1 ≤ p2 ≤ ∞, 0 < q < ∞, r1 ∈R and r2 = r1 − Q ( 1p1 − 1p2 ).
(4) H˙r(G) = B˙r2,2(G) and B˙rp,p(G) ↪→ H˙r,p(G) ↪→ B˙rp,2(G), 1 < p ≤ 2.
(5) B˙rp,1(G) ↪→ Lq(G), 1 ≤ p ≤ q ≤ ∞, r = Q ( 1p − 1q ).
If, in this theorem, we change the homogeneous Besov spaces and homogeneous Sobolev spaces by their inhomogeneous 
versions, every embedding above still holds true. Also, we have considered Besov spaces associated with (left-invariant) 
positive Rockland operators, but a similar formulation of homogeneous and inhomogeneous (right) Besov spaces can be ob-
tained if we choose (right-invariant) positive Rockland operators, and these spaces satisfy (right) versions of the statements 
of Theorem 3.3.
Localisations of Besov spaces on a graded Lie group can be deﬁned in the standard way:
Brp,q(G, loc) = { f ∈D′(G) : φ f ∈ Brp,q(G), for all φ ∈ C∞0 (G)}. (10)
Then we have the following embeddings between Brp,q(G, loc) and B
r
p,q(R
n, loc), where n is the topological dimension of G , 
and the latter space is deﬁned in the same way from the (graded) group Rn equipped with the usual Abelian group law.
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where ν1 and νn are respectively the smallest and the largest weights of the dilations.
4. Spectral multipliers and Fourier multipliers
In this section, we give results for the boundedness of spectral and of Fourier multipliers in Besov spaces on graded Lie 
groups. First, we present a generalisation of a classical result by Marcinkiewicz, its proof relying on an application of our 
Littlewood–Paley theorem, which asserts that, if m ∈ BV(R) is a bounded function such that
sup
j∈Z
‖m‖BV[2 j−1,2 j] < ∞,
(here, ‖m‖BV[a,b] denotes the bounded variation norm on [a, b]), then m(D) is a multiplier on Lp(R) for every 1 < p < ∞. 
Now we present our version of the Marcinkiewicz theorem on graded Lie groups.
Theorem 4.1. Let R be a positive Rockland operator on a graded Lie group G. If m ∈ C∞ is a bounded function which has uniformly 
bounded variation on every dyadic interval of R, then m(R) extends to a bounded spectral multiplier on Lp(G) for every 1 < p < ∞. 
Moreover, for every 0 < q ≤ ∞, and r ∈R, m(R) is bounded on Brp,q(G).
The following theorem shows that in the problem of the boundedness of spectral multipliers (or of more general left-
invariant operators) on Besov spaces, not all indices p and p˜ are available.
Theorem 4.2. Let G be a graded Lie group and let T be a linear left-invariant operator bounded from Brp,q(G) (respectively, B˙
r
p,q(G)) 
into Br˜p˜,q˜(G), (respectively, B˙
r˜
p˜,q˜(G)), for 1 ≤ p, p˜ < ∞, −∞ < r, ˜r < ∞, and 0 < q, ˜q ≤ ∞. If 1 ≤ p˜ < p < ∞, then T = 0.
Finally, one can show that there is an interesting connection between Lp-multipliers and Besov multipliers. However, 
curiously, the right Besov spaces appear here.
Theorem 4.3. Let G be a graded Lie group. Let σ = {σ(π) : π ∈ Ĝ} be a μ-measurable ﬁeld of operators in L2(Ĝ). Let us assume that 





is a bounded operator from Lp1(G) into Lp2 (G), 1 ≤ pi ≤ ∞. Then T is a bounded operator from the (right) Besov space B˙rp1,q(G) into 
the (right) Besov space B˙rp2,q(G), for all −∞ < r < ∞ and 0 < q ≤ ∞. Moreover, T is also a bounded operator from the (right) Besov 
space Brp1,q(G) into the (right) Besov space B
r
p2,q(G).
The space L2(Ĝ) above is the space on the Fourier transform side that corresponds to L2(G) via the Plancherel theorem 
on G (see, e.g., [5, Theorem 1.8.11]).
We refer to [4] for conditions of Mihlin–Hörmander type that ensure the Lp-boundedness of Fourier multipliers on 
graded Lie groups, and to [1] for conditions on the boundedness from Lp1 to Lp2 for 1 < p1 ≤ 2 ≤ p2 < ∞.
Acknowledgements
The authors would like to thank Julio Delgado and Véronique Fischer for various discussions. We thank Alessio Martini 
for comments. The second author was supported in part by EPSRC grant EP/K039407/1 and by Leverhulme Research Grant 
RPG-2014-02.
References
[1] R. Akylzhanov, M. Ruzhansky, Fourier multipliers and group von Neumann algebras, C. R. Acad. Sci. Paris, Ser. I 354 (2016) 766–770.
[2] G. Alexopoulos, Spectral multipliers on Lie groups of polynomial growth, Proc. Amer. Math. Soc. 120 (1994) 973–979.
[3] H. Bahouri, P. Gérard, C. Xu, Espaces de Besov et estimations de Strichartz généralisées sur le groupe de Heisenberg, J. Anal. Math. 82 (2000) 93–118.
[4] V. Fischer, M. Ruzhansky, Fourier multipliers on graded Lie groups, arXiv:1411.6950.
[5] V. Fischer, M. Ruzhansky, Quantization on Nilpotent Lie Groups, Prog. Math., vol. 314, Birkhäuser, 2016 (Open access book).
[6] V. Fischer, M. Ruzhansky, Sobolev spaces on graded groups, Ann. Inst. Fourier (2017), in press, arXiv:1311.0192.
D. Cardona, M. Ruzhansky / C. R. Acad. Sci. Paris, Ser. I 355 (2017) 400–405 405[7] G.B. Folland, Subelliptic estimates and function spaces on nilpotent Lie groups, Ark. Mat. 13 (1975) 161–207.
[8] G. Folland, E. Stein, Hardy Spaces on Homogeneous Groups, Mathematical Notes, vol. 28, Princeton University Press/University of Tokyo Press, Princeton, 
NJ/Tokyo, 1982.
[9] G. Furioli, C. Melzi, A. Veneruso, Littlewood–Paley decompositions and Besov spaces on Lie groups of polynomial growth, Math. Nachr. 279 (9–10) 
(2006) 1028–1040.
[10] D. Geller, Liouville’s theorem for homogeneous groups, Commun. Partial Differ. Equ. 8 (1983) 1665–1677.
[11] B. Helffer, J. Nourrigat, Caractérisation des opérateurs hypoelliptiques homogènes invariants à gauche sur un groupe de Lie nilpotent gradué, Commun. 
Partial Differ. Equ. 4 (1979) 899–958.
[12] S.M. Nikolsky, Inequalities for entire functions of ﬁnite degree and their applications in the theory of differentiable functions of many variables, Proc. 
Steklov Inst. Math. 38 (1951) 244–278.
[13] E. Nursultanov, M. Ruzhansky, S. Tikhonov, Nikolskii inequality and Besov, Triebel–Lizorkin, Wiener and Beurling spaces on compact homogeneous 
manifolds, Ann. Sc. Norm. Super. Pisa, Cl. Sci. XVI (2016) 981–1017, arXiv:1403.3430.
[14] I. Pesenson, Bernstein–Nikolskii and Plancherel–Polya inequalities in Lp-norms on non-compact symmetric spaces, Math. Nachr. (2) 282 (2009) 
253–269.
[15] L.P. Rothschild, E.M. Stein, Hypoelliptic differential operators and nilpotent groups, Acta Math. 137 (1976) 247–320.
[16] K. Saka, Besov spaces and Sobolev spaces on a nilpotent Lie group, Tóhoku Math. J. (2) 31 (4) (1979) 383–437.
